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Lecture 5: Limit and colimit
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Many constructions in algebraic topology are described by their
universal properties. There are two important ways to define new
objects of such types, called the limit and colimit, which are dual
to each other. In this lecture, we briefly discuss these two notions.
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Let Z be a small category (i.e. objects form a set). Let C be a
category. Recall that we have a functor category

Fun(Z,C)

where objects are functors and morphisms are natural transformations.

Definition
We define the diagonal (or constant) functor

A:C— Fun(Z,C)

which assigns X € C to the functor A(X) : Z — C that sends all
objects in Z to X and all morphisms to 1x.

Limits and colimits amount to understand adjoints of this functor.
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Diagram category



Algebraic Topology 2020 Spring@ SL

Let 7 be a diagram, with objects and arrows. We can define a
category still denoted by 7

» Obj(Z) = vertices (or objects) in the diagram Z

» morphisms are composites of all given arrows as well as

additional "identity arrows” that compose like identity maps.
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Example

The following diagram

defines a category with three objects o, 0,%. There is only one
morphism e — o, one morphism o — %, and one morphism e — x
by the composite of the previous two morphisms.

Given A € C, the constant functor A(A) : Z — C is represented by
A A

1a

A
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The following diagram

defines a category with three objects e, o, %. There is only one
morphism from e to o, one morphism from o to . There are two
morphisms from e to x, one of them is the composite of the
previous two, and the other one is represented by e — x.
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The following diagram

—) o
defines a category with two objects e, 0. Morphisms from e to e
contains 1,, the composite of ® — o and o — e and so on.
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Given a diagram Z, a functor F:Z — C is determined by assigning
vertices and arrows the corresponding objects and morphisms in C.
For example, the following data

X—tsvyef 7, XvZec

defines a functor from @ — o <— x to C. Such a data will be also
called a Z-shaped diagram in C.
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imi

L
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Definition (Limit)

Let F: Z — C. A limit for Fis an object P in C together with a
natural transformation

T:A(P)= F

such that for every object Q of C and every natural transformation
n: A(Q) = F, there exists a unique map f: Q — P such that

7o A(f) =, i.e., the following diagram is commutative.
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For example, consider the following Z-shaped diagram in C which
represents a functor F: Z — C

Y

|

X—— 7

Its limit is an object P € C that fits into the commutative diagram
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Moreover for any other object @ fitting into the same commutative
diagram, there exists a unique f: @ — A to making the following
diagram commutative
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Proposition

Let F: Z — C and Py, Py be two limits of F with natural
transformations 7; : A(A;) = F. Then there exists a unique
isomorphism P; — Ps in C making the following commutative

\/

This proposition follows from the universal property. It implies that
if the limit of F exists, then it is unique up to isomorphism.

Definition

We denote the limit of F:Z — C by lim F (if exists).
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Let C be a category. Then the following are equivalent
(1) Every F: Z — C has a limit

(2) The constant functor A : C — Fun(Z,C) has a right adjoint

A:C —— Fun(Z,C) : lim
In this case, the right adjoint of the constant functor is the limit.

The universal property of the limit gives the adjunction

Homgy(z,0)(A(X), F) = Home (X, lim F).




Algebraic Topology 2020 Spring@ SL S

Pullback

The limit of the following diagram X — Y« Z gives

P——Y

T

which is called the pullback.

In Set, the pull-back exists and is given by the subset of X x Y

P={(xy) € Xx YIflx) = g(y)} c Xx Y.
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Tower and inverse limit

Example

Consider the following tower-shaped diagram

- —— Xnt1 > Xn > Xoy > X1

The limit of tower diagram is also called the inverse limit of the
tower and written as l'ﬁlX;.

Q

3!
jm X

> Xpa1 s Xp \ Xy s X1
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Let L:C —— D: R be adjoint functors. Assume the limit of
F:7Z — D exists. Then the limit of Ro F: Z — C also exists and is
given by

lim(Ro F) = R(lim F).

In other words, right adjoint functors preserve limit.
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Let A € C. Assume we have a natural transformation

7:A(A) = RoF.
By adjunction, this is equivalent to a natural transformation
A(L(A)) = F.

By the universal property of limit, there exists a unique map
L(A) — lim F factorizing A(L(A)) = F

A(L(A)) = lim F= F.
By adjunction again, this is equivalent to natural transformations
A(A) = R(im F) = Ro F.

This implies that R(lim F) is the limit of Ro F. O
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A functor is called continuous if it preserves all limits. This
theorem says if a functor has a left adjoint, then it is continuous.

Under certain conditions, the reverse is also true (Adjoint Functor
Theorem).
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Corollary
The forgetful functor Forget : Top — Set preserves limit.
Proof.

Forget : Top — Set has a left adjoint

Discrete : Set =——— Top : Forget

where Discrete associates a set X with discrete topology.
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Example

Consider the following diagram in Top

Y

|

X— 7

We would like to understand its pull-back P in Top. By the
previous Corollary, the underlying set for P (if exists) is

Forget(P) = {(x.y) € X x YIfx) = g()} C X x V.

It is not hard to see that if we assign P is the subspace topology of
the topological product X x Y, then P is indeed the pull-back in
Top. In particular, pull-back exists in Top.
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Colimit

DA



Algebraic Topology 2020 Spring@ SL

The notion of colimit is dual to limit.
Definition (Colimit)
Let F: Z — C. A colimit for Fis an object P in C together with a
natural transformation

T:F= A(P)

such that for every object Q of C and every natural transformation
n: F= A(Q), there exists a unique map f: P — Q such that
A(f)oT =n. In other words, the following diagram is commutative

The colimit, if exists, is unique up to isomorphism, and will be
denoted by colim F.
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The following theorems are dual to the limit case as well and can
be proved dually.

Theorem

Let C be a category. Then the following are equivalent
(1) Every F: Z — C has a limit

(2) The constant functor A : C — Fun(Z,C) has a left adjoint.

colim: Fun(Z,C) ——= C: A

In this case, the left adjoint of the constant functor is the colimit.
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Theorem

Let L:C —— D:R be adjoint functors. Assume the colimit of
F: 7 — C exists. Then the colimit of Lo F: Z — D also exists and
is given by

colim(L o F) = L(colim F).

In other words, left adjoint functors preserve colimit.

A functor is called co-continuous if it preserves all colimits.
This says if a functor has a right adjoint, then it is co-continuous.

Under certain conditions, the reverse is also true (Adjoint Functor
Theorem).

u}
)
I
il
it
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g :{‘
Corollary
The forgetful functor Forget : Top — Set preserves colimit.
Proof.

Forget :

Top — Set has a right adjoint

Forget : Top Set : Triv
where Triv associates a set X with trivial topology (only open
subsets are () and X).
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Pushout

Example

The colimit of the following diagram X+ Y — Z gives

Y —Y

|

X— P

This colimit is called the pushout. The universal property is

Y—Y

L

X—— P
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Here are some examples.
> Let j1 : Xog = X1,j2 : Xo = Xo in Top. Their pushout is the
quotient of the disjoint union Xj [ X by identifying
Ji(y) ~ ja(y),y € Xo. It glues X1, Xy along Xy using j1, jo.

X

» Let p1 : H— Gy, p2 : H— Gy be two morphisms in Group,
then their pushout is

(Gl * GQ)/N

where Gi x Gy is the free product and N is the normal
subgroup generated by pl(h)pgl(h), heH.
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Telescope and direct limit

Example

Consider the following telescope-shaped diagram

X1 > Xoy > Xy > Xpp1 — -+

The limit of telescope diagram is also called the direct limit of the
telescope and written as @X;.

X1 > Xo )”'\)Xn > Xpp1 —— -+
ling X
2
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Product and coproduct
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Let C be a category, {Aq}acs be a set of objects in C. Their
product is an object A in C together with 7, : A — A, satisfying
the following universal property: for any Xin C and f, : X — A,
there exists a unique morphism f: X — A such that the following
diagram commutes

|
X- 2

N

Aa

u}

)
I
il

it
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For product of two objects, we have the following diagram

| T2
T |

A | 31f Ag

fi
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The product is a limit. In fact, let us equip the index set / with the
category structure such that it has only identity morphisms. Then
the data {A, }aes is the same as a functor F: | — C. Their
product is precisely lim F. We denote it by

1A
acl

A useful consequence is that the product is preserved under right
adjoint functors (like forgetful functors).
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> Let S, € Set. [[Sa = {(sa)|sa € Sa} is the Cartesian
«
product.
» Let X, € Top. Then [] X, is the Cartesian product with
(0%

induced product topology. Namely, we have x [T Xa is
e

continuous if and only if {X LN X, } are continuous for any a.
» Let G, € Group. Then [] G, is the Cartesian product with
e

induced group structure, i.e.

HG ={(8a) | 8a € Ga}

with (ga) - (8a) = (8a - &)
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Let C be a category, {Aq}acs be a set of objects in C. Their
coproduct is an object A in C together with i, : A, — A satisfying
the following universal property: for any Xin C and f, : A, — X,
there exists a unique morphism f: A — X such that the following
diagram commutes

X< 2f_

A
k T’ra
Aa

u}

)
I
il

it
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The coproduct is a colimit. As in the discussion of product, the
data {Aa}aes defines a functor F: [ — C. Their coproduct is
precisely colim F, which is unique up to isomorphism if it exists.

We denote it by
IT A

ael

A useful consequence is that the coproduct is preserved under left
adjoint functors (like free constructions).
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> Let S, € Set. [[Sa = {(sa)|Sa € Sa} is the disjoint union of
sets. “
» Let X, € Top. Then [] X, is the disjoint union of
«

topological spaces. Clearly, continuous maps {X, fa, Y}
uniquely extends to [[ X, — Y.
(03

u}
)
I
il
it
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» Let G, € Group. Then [] G, is the free product of groups:
6%

H Gq: = {word of finite length: xix2- - x5 | X; € Gqo,}/ ~,

where
Xl...XiXi_"_l...XnNXI-..(Xi-Xi+1)...Xn

if Xi, xiy1 € Gy and (x; - xi+1) is the group production in G,.
The group structure in [] G, is

[0
(Xl...Xn).(yl...ym): :Xl...Xnyl...ym.
Given group homomorphisms G, fa, H, it uniquely determines

f: HGa—>H, Xq "+ Xn = foy (X1) - o, (Xn).

When there are only finitely many G, we will also write

HG —: G *xGyk- %G
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Wedge and smash product
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We define the category Top, of pointed topological space where

> an object (X, xp) is a topological space X with a based point
xg € X

» morphisms are based continuous maps that map based point
to based point.
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Given a space X, we can define a pointed space X, by adding
Xy = XH *, with basepoint *.
This defines a functor
()+ : Top — Top,.
On the other hand, we have a forgetful functor
Forget : Top, — Top.
They form an adjoint pair

()+ : Top =— Top, : Forget
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This implies that the limit in Top, will be the same as the limit in
Top. In particular, the product of pointed spaces {(Xj, x;)} in
Top, is the topological product

HX,-, with base point {x;}.

]
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In Top,, the coproduct of two pointed spaces X, Y'is the wedge
product V. Specifically,

Xvy=X[[Y/~

is the quotient of the disjoint union of X and Y by identifying the
base points xp € X and yy € Y. The identified based point is the
new based point of XV Y. In general, we have

V=TT~
icl icl

where ~ again identifies all based points in Xj's. In other words, \/
is the joining of spaces at a single point.
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The Figure-8 can be identified with S' v S'.

DA
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In Top,, there is another operation, called smash product A,
which will have adjunction property and play an important role in
homotopy theory. Specifically,

XAY=XxY/n~

is the quotient of the product space X x Y under the identifications
(x,y0) ~ (x0,y) for all x€ X,y € Y. The identified point is the new
based point of X A Y. Note that we can write it as the quotient

XAY=XxY/XVY.
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There is a natural homeomorphism
St A ST gL
This implies that 5" A S = §n+m,

DA
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Complete and cocomplete
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A category C is called complete (cocomplete) if for any
F € Fun(Z,C) with Z a small category, the limit lim F (colim F)
exists.

Set, Group, Ab, Vect, Top are complete and cocomplete.

u}
)

I
il
it
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In Set, the limit of F: | — Set is given by

limF:{ (x)ier € [T FO)

i€l

) (xi) forany/—>J}CHF

icl
which is a subset of [] F(/). The colimit is given by
i€l
colim F = H F(i)/ {x,- ~ F(f)(x;) for any i—f>j, Xj € F(i)}
iel

which is a quotient of [, F(i).
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Let us consider Top. Since the forgetful functor
Forget : Top — Set

has both a left adjoint and a right adjoint, it preserves both limits
and colimits. Given F: [ — Top, its limit lim F has the same
underlying set as that in Set above, but equipped with the induced
topology from product and subspace.

Similarly, the colimit colim F is the quotient of disjoint unions of
F(i) with the induced quotient topology.
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Initial and terminal object
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Definition

An initial /universal object of a category C is an object * such that
for every object X in C, there exists precisely one morphism x — X.
Dually, a terminal/final object x satisfies that for every object X
there exists precisely one morphism X — x. If an object is both
initial and terminal, it is called a zero object or null object.

The defining universal property implies that the initial object and
he terminal object are unique up to isomorphism if they exist.
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The emptyset () is the initial object in Set, and the set with a single

point is the terminal object in Set. The same is true for Top.
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The limit of a functor F: | — C can be viewed as a terminal object
as follows. We define a category Cr

» an object of Cr is an object A € C together with a natural
transformation
A(A) = F

» a morphism in Cr is a morphism f: A — Bin C such that the
following diagram is commutative

AA) —=2 . A(P)
\ F/

Then lim F is the terminal object in Cg. A dual construction says
colim F can be viewed as an initial object.



