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/2}M2b � +�i2;Q`v rBi? i?`22 Q#D2+ib •, ◦, ⋆X h?2`2 Bb QMHv QM2
KQ`T?BbK •→ ◦- QM2 KQ`T?BbK ◦ → ⋆- �M/ QM2 KQ`T?BbK •→ ⋆
#v i?2 +QKTQbBi2 Q7 i?2 T`2pBQmb irQ KQ`T?BbKbX
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6Q` 2t�KTH2- i?2 7QHHQrBM; /�i�

s u w7 ;
, s,u,w ∈ C

/2}M2b � 7mM+iQ` 7`QK •→ ◦ ← ⋆ iQ CX am+? � /�i� rBHH #2 �HbQ
+�HH2/ � I@b?�T2/ /B�;`�K BM CX
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.2}MBiBQM UGBKBiV
G2i 6 : I → CX � HBKBi 7Q` 6 Bb �M Q#D2+i S BM C iQ;2i?2` rBi? �
M�im`�H i`�Mb7Q`K�iBQM

τ : ∆(S)⇒ 6

bm+? i?�i 7Q` 2p2`v Q#D2+i Z Q7 C �M/ 2p2`v M�im`�H i`�Mb7Q`K�iBQM
η : ∆(Z)⇒ 6- i?2`2 2tBbib � mMB[m2 K�T 7 : Z→ S bm+? i?�i
τ ◦∆(7) = η- BX2X- i?2 7QHHQrBM; /B�;`�K Bb +QKKmi�iBp2X

∆(Z) ∆(S)

6

∃!∆(7)

η
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G2i 6 : I → C �M/ S1,S2 #2 irQ HBKBib Q7 6 rBi? M�im`�H
i`�Mb7Q`K�iBQMb τB : ∆(�B)⇒ 6X h?2M i?2`2 2tBbib � mMB[m2
BbQKQ`T?BbK S1 → S2 BM C K�FBM; i?2 7QHHQrBM; +QKKmi�iBp2

∆(S1) ∆(S2)

6
τ1 τ2

h?Bb T`QTQbBiBQM 7QHHQrb 7`QK i?2 mMBp2`b�H T`QT2`ivX Ai BKTHB2b i?�i
B7 i?2 HBKBi Q7 6 2tBbib- i?2M Bi Bb mMB[m2 mT iQ BbQKQ`T?BbKX

.2}MBiBQM
q2 /2MQi2 i?2 HBKBi Q7 6 : I → C #v HBK 6 UB7 2tBbibVX
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G2i C #2 � +�i2;Q`vX h?2M i?2 7QHHQrBM; �`2 2[mBp�H2Mi
URV 1p2`v 6 : I → C ?�b � HBKBi
UkV h?2 +QMbi�Mi 7mM+iQ` ∆ : C → 6mM(I, C) ?�b � `B;?i �/DQBMiX

∆ : C 6mM(I, C) : HBK

AM i?Bb +�b2- i?2 `B;?i �/DQBMi Q7 i?2 +QMbi�Mi 7mM+iQ` Bb i?2 HBKBiX

h?2 mMBp2`b�H T`QT2`iv Q7 i?2 HBKBi ;Bp2b i?2 �/DmM+iBQM

>QK6mM(I,C)(∆(s),6) = >QKC(s, HBK 6).
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1t�KTH2
h?2 HBKBi Q7 i?2 7QHHQrBM; /B�;`�K s→ u← w ;Bp2b

S u

s w
;

7

r?B+? Bb +�HH2/ i?2 TmHH#�+FX
AM a2i- i?2 TmHH@#�+F 2tBbib �M/ Bb ;Bp2M #v i?2 bm#b2i Q7 s× u

S = {(t, v) ∈ s× u|7(t) = ;(v)} ⊂ s× u.
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1t�KTH2
*QMbB/2` i?2 7QHHQrBM; iQr2`@b?�T2/ /B�;`�K

· · · sM+1 sM · · · s2 s1

h?2 HBKBi Q7 iQr2` /B�;`�K Bb �HbQ +�HH2/ i?2 BMp2`b2 HBKBi Q7 i?2
iQr2` �M/ r`Bii2M �b HBK←−sB.
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h?2Q`2K
G2i G : C D : _ #2 �/DQBMi 7mM+iQ`bX �bbmK2 i?2 HBKBi Q7
6 : I → D 2tBbibX h?2M i?2 HBKBi Q7 _ ◦ 6 : I → C �HbQ 2tBbib �M/ Bb
;Bp2M #v

HBK(_ ◦ 6) = _(HBK 6).
AM Qi?2` rQ`/b- `B;?i �/DQBMi 7mM+iQ`b T`2b2`p2 HBKBiX
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S`QQ7
G2i � ∈ CX �bbmK2 r2 ?�p2 � M�im`�H i`�Mb7Q`K�iBQM

τ : ∆(�)⇒ _ ◦ 6.

"v �/DmM+iBQM- i?Bb Bb 2[mBp�H2Mi iQ � M�im`�H i`�Mb7Q`K�iBQM

∆(G(�))⇒ 6.

"v i?2 mMBp2`b�H T`QT2`iv Q7 HBKBi- i?2`2 2tBbib � mMB[m2 K�T
G(�)→ HBK 6 7�+iQ`BxBM; ∆(G(�))⇒ 6

∆(G(�))⇒ HBK 6⇒ 6.

"v �/DmM+iBQM �;�BM- i?Bb Bb 2[mBp�H2Mi iQ M�im`�H i`�Mb7Q`K�iBQMb

∆(�)⇒ _(HBK 6)⇒ _ ◦ 6.

h?Bb BKTHB2b i?�i _(HBK 6) Bb i?2 HBKBi Q7 _ ◦ 6X
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lM/2` +2`i�BM +QM/BiBQMb- i?2 `2p2`b2 Bb �HbQ i`m2 U�/DQBMi 6mM+iQ`
h?2Q`2KVX
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h?2 7Q`;2i7mH 7mM+iQ` 6Q`;2i : hQT→ a2i T`2b2`p2b HBKBiX

S`QQ7X
6Q`;2i : hQT→ a2i ?�b � H27i �/DQBMi

.Bb+`2i2 : a2i hQT : 6Q`;2i

r?2`2 .Bb+`2i2 �bbQ+B�i2b � b2i s rBi? /Bb+`2i2 iQTQHQ;vX
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*QMbB/2` i?2 7QHHQrBM; /B�;`�K BM hQT
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s w

q2 rQmH/ HBF2 iQ mM/2`bi�M/ Bib TmHH@#�+F S BM hQTX "v i?2
T`2pBQmb *Q`QHH�`v- i?2 mM/2`HvBM; b2i 7Q` S UB7 2tBbibV Bb

6Q`;2i(S) = {(t, v) ∈ s× u|7(t) = ;(v)} ⊂ s× u.

Ai Bb MQi ?�`/ iQ b22 i?�i B7 r2 �bbB;M S Bb i?2 bm#bT�+2 iQTQHQ;v Q7
i?2 iQTQHQ;B+�H T`Q/m+i s× u- i?2M S Bb BM/22/ i?2 TmHH@#�+F BM
hQTX AM T�`iB+mH�`- TmHH@#�+F 2tBbib BM hQTX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 MQiBQM Q7 +QHBKBi Bb /m�H iQ HBKBiX
.2}MBiBQM U*QHBKBiV
G2i 6 : I → CX � +QHBKBi 7Q` 6 Bb �M Q#D2+i S BM C iQ;2i?2` rBi? �
M�im`�H i`�Mb7Q`K�iBQM

τ : 6⇒ ∆(S)

bm+? i?�i 7Q` 2p2`v Q#D2+i Z Q7 C �M/ 2p2`v M�im`�H i`�Mb7Q`K�iBQM
η : 6⇒ ∆(Z)- i?2`2 2tBbib � mMB[m2 K�T 7 : S→ Z bm+? i?�i
∆(7) ◦ τ = ηX AM Qi?2` rQ`/b- i?2 7QHHQrBM; /B�;`�K Bb +QKKmi�iBp2

6 ∆(S)

∆(Z)

τ

η ∃!∆(7)

h?2 +QHBKBi- B7 2tBbib- Bb mMB[m2 mT iQ BbQKQ`T?BbK- �M/ rBHH #2
/2MQi2/ #v +QHBK 6X
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h?2 7QHHQrBM; i?2Q`2Kb �`2 /m�H iQ i?2 HBKBi +�b2 �b r2HH �M/ +�M
#2 T`Qp2/ /m�HHvX

h?2Q`2K
G2i C #2 � +�i2;Q`vX h?2M i?2 7QHHQrBM; �`2 2[mBp�H2Mi
URV 1p2`v 6 : I → C ?�b � HBKBi
UkV h?2 +QMbi�Mi 7mM+iQ` ∆ : C → 6mM(I, C) ?�b � H27i �/DQBMiX

+QHBK : 6mM(I, C) C : ∆

AM i?Bb +�b2- i?2 H27i �/DQBMi Q7 i?2 +QMbi�Mi 7mM+iQ` Bb i?2 +QHBKBiX
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+QHBK(G ◦ 6) = G(+QHBK 6).
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>2`2 �`2 bQK2 2t�KTH2bX
! G2i D1 : s0 → s1, D2 : s0 → s2 BM hQTX h?2B` Tmb?Qmi Bb i?2

[mQiB2Mi Q7 i?2 /BbDQBMi mMBQM s1
∐s2 #v B/2MiB7vBM;

D1(v) ∼ D2(v), v ∈ s0X Ai ;Hm2b s1,s2 �HQM; s0 mbBM; D1, D2X

4⇒

s

s1 s2s1 s2s0 s0

! G2i ρ1 : >→ :1, ρ2 : >→ :2 #2 irQ KQ`T?BbKb BM :`QmT-
i?2M i?2B` Tmb?Qmi Bb

(:1 ∗ :2)/L

r?2`2 :1 ∗ :2 Bb i?2 7`22 T`Q/m+i �M/ L Bb i?2 MQ`K�H
bm#;`QmT ;2M2`�i2/ #v ρ1(?)ρ−1

2 (?), ? ∈ >X
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*QMbB/2` i?2 7QHHQrBM; i2H2b+QT2@b?�T2/ /B�;`�K

s1 s2 · · · sM sM+1 · · ·

h?2 HBKBi Q7 i2H2b+QT2 /B�;`�K Bb �HbQ +�HH2/ i?2 /B`2+i HBKBi Q7 i?2
i2H2b+QT2 �M/ r`Bii2M �b HBK−→sB.

s1 s2 · · · sM sM+1 · · ·
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T`Q/m+i Bb �M Q#D2+i � BM C iQ;2i?2` rBi? πα : �→ �α b�iBb7vBM;
i?2 7QHHQrBM; mMBp2`b�H T`QT2`iv, 7Q` �Mv s BM C �M/ 7α : s→ �α-
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+�i2;Q`v bi`m+im`2 bm+? i?�i Bi ?�b QMHv B/2MiBiv KQ`T?BbKbX h?2M
i?2 /�i� {�α}α∈A Bb i?2 b�K2 �b � 7mM+iQ` 6 : A→ CX h?2B`
T`Q/m+i Bb T`2+Bb2Hv HBK 6X q2 /2MQi2 Bi #v

∏

α∈A
�α.

� mb27mH +QMb2[m2M+2 Bb i?�i i?2 T`Q/m+i Bb T`2b2`p2/ mM/2` `B;?i
�/DQBMi 7mM+iQ`b UHBF2 7Q`;2i7mH 7mM+iQ`bVX
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! G2i aα ∈ a2iX ∏
α

aα = {(bα)|bα ∈ aα} Bb i?2 *�`i2bB�M
T`Q/m+iX

! G2i sα ∈ hQTX h?2M ∏
α

sα Bb i?2 *�`i2bB�M T`Q/m+i rBi?

BM/m+2/ T`Q/m+i iQTQHQ;vX L�K2Hv- r2 ?�p2 s 7−→
∏
α

sα Bb

+QMiBMmQmb B7 �M/ QMHv B7 {s 7α−→ sα} �`2 +QMiBMmQmb 7Q` �Mv αX
! G2i :α ∈ :`QmTX h?2M ∏

α
:α Bb i?2 *�`i2bB�M T`Q/m+i rBi?

BM/m+2/ ;`QmT bi`m+im`2- BX2X
∏

α

:α = {(;α) | ;α ∈ :α}

rBi? (;α) · (;′α) = (;α · ;′α)X
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G2i C #2 � +�i2;Q`v- {�α}α∈A #2 � b2i Q7 Q#D2+ib BM CX h?2B`
+QT`Q/m+i Bb �M Q#D2+i � BM C iQ;2i?2` rBi? Bα : �α → � b�iBb7vBM;
i?2 7QHHQrBM; mMBp2`b�H T`QT2`iv, 7Q` �Mv s BM C �M/ 7α : �α → s-
i?2`2 2tBbib � mMB[m2 KQ`T?BbK 7 : �→ s bm+? i?�i i?2 7QHHQrBM;
/B�;`�K +QKKmi2b
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h?2 +QT`Q/m+i Bb � +QHBKBiX �b BM i?2 /Bb+mbbBQM Q7 T`Q/m+i- i?2
/�i� {�α}α∈A /2}M2b � 7mM+iQ` 6 : A→ CX h?2B` +QT`Q/m+i Bb
T`2+Bb2Hv +QHBK 6- r?B+? Bb mMB[m2 mT iQ BbQKQ`T?BbK B7 Bi 2tBbibX
q2 /2MQi2 Bi #v ∐

α∈A
�α.

� mb27mH +QMb2[m2M+2 Bb i?�i i?2 +QT`Q/m+i Bb T`2b2`p2/ mM/2` H27i
�/DQBMi 7mM+iQ`b UHBF2 7`22 +QMbi`m+iBQMbVX
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! G2i aα ∈ a2iX ∐
α

aα = {(bα)|bα ∈ aα} Bb i?2 /BbDQBMi mMBQM Q7
b2ibX

! G2i sα ∈ hQTX h?2M ∐
α

sα Bb i?2 /BbDQBMi mMBQM Q7

iQTQHQ;B+�H bT�+2bX *H2�`Hv- +QMiBMmQmb K�Tb {sα
7α−→ u}

mMB[m2Hv 2ti2M/b iQ ∐
α

sα → uX
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! G2i :α ∈ :`QmTX h?2M ∐
α

:α Bb i?2 7`22 T`Q/m+i Q7 ;`QmTbX

∐

α

:α : = {rQ`/ Q7 }MBi2 H2M;i?, t1t2 · · · tM | tB ∈ :αB}/ ∼,

r?2`2
t1 · · · tBtB+1 · · · tM ∼ t1 · · · (tB · tB+1) · · · tM

B7 tB, tB+1 ∈ :α �M/ (tB · tB+1) Bb i?2 ;`QmT T`Q/m+iBQM BM :αX
h?2 ;`QmT bi`m+im`2 BM ∐

α
:α Bb

(t1 · · · tM) · (v1 · · · vK) : = t1 · · · tMv1 · · · vK.

:Bp2M ;`QmT ?QKQKQ`T?BbKb :α
7α−→ >- Bi mMB[m2Hv /2i2`KBM2b

7 :
∐

α

:α → >, t[ · · · tM ,→ 7α1(t1) · · · 7αM(tM).

q?2M i?2`2 �`2 QMHv }MBi2Hv K�Mv :α- r2 rBHH �HbQ r`Bi2
∐

α

:α =: :1 ⋆ :2 ⋆ · · · ⋆ :M.
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q2 /2}M2 i?2 +�i2;Q`v hQT Q7 TQBMi2/ iQTQHQ;B+�H bT�+2 r?2`2
! �M Q#D2+i (s, t0) Bb � iQTQHQ;B+�H bT�+2 s rBi? � #�b2/ TQBMi

t0 ∈ s
! KQ`T?BbKb �`2 #�b2/ +QMiBMmQmb K�Tb i?�i K�T #�b2/ TQBMi

iQ #�b2/ TQBMiX
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:Bp2M � bT�+2 s- r2 +�M /2}M2 � TQBMi2/ bT�+2 s+ #v �//BM;

s+ = s
∐

⋆, rBi? #�b2TQBMi ⋆ .

h?Bb /2}M2b � 7mM+iQ`

()+ : hQT→ hQT .

PM i?2 Qi?2` ?�M/- r2 ?�p2 � 7Q`;2i7mH 7mM+iQ`

6Q`;2i : hQT → hQT .

h?2v 7Q`K �M �/DQBMi T�B`

()+ : hQT hQT : 6Q`;2i
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h?Bb BKTHB2b i?�i i?2 HBKBi BM hQT rBHH #2 i?2 b�K2 �b i?2 HBKBi BM
hQTX AM T�`iB+mH�`- i?2 T`Q/m+i Q7 TQBMi2/ bT�+2b {(sB, tB)} BM
hQT Bb i?2 iQTQHQ;B+�H T`Q/m+i

∏

B
sB, rBi? #�b2 TQBMi {tB}.
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AM hQT - i?2 +QT`Q/m+i Q7 irQ TQBMi2/ bT�+2b s,u Bb i?2 r2/;2
T`Q/m+i ∨X aT2+B}+�HHv-

s ∨ u = s
∐

u/ ∼

Bb i?2 [mQiB2Mi Q7 i?2 /BbDQBMi mMBQM Q7 s �M/ u #v B/2MiB7vBM; i?2
#�b2 TQBMib t0 ∈ s �M/ v0 ∈ uX h?2 B/2MiB}2/ #�b2/ TQBMi Bb i?2
M2r #�b2/ TQBMi Q7 s ∨ uX AM ;2M2`�H- r2 ?�p2

∨

B∈A
sB =

∐

B∈A
sB/ ∼

r?2`2 ∼ �;�BM B/2MiB}2b �HH #�b2/ TQBMib BM sBǶbX AM Qi?2` rQ`/b- ∨

Bb i?2 DQBMBM; Q7 bT�+2b �i � bBM;H2 TQBMiX
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AM hQT - i?2`2 Bb �MQi?2` QT2`�iBQM- +�HH2/ bK�b? T`Q/m+i ∧-
r?B+? rBHH ?�p2 �/DmM+iBQM T`QT2`iv �M/ TH�v �M BKTQ`i�Mi `QH2 BM
?QKQiQTv i?2Q`vX aT2+B}+�HHv-

s ∧ u = s× u/ ∼

Bb i?2 [mQiB2Mi Q7 i?2 T`Q/m+i bT�+2 s×u mM/2` i?2 B/2MiB}+�iBQMb
(t, v0) ∼ (t0, v) 7Q` �HH t ∈ s, v ∈ uX h?2 B/2MiB}2/ TQBMi Bb i?2 M2r
#�b2/ TQBMi Q7 s ∧ uX LQi2 i?�i r2 +�M r`Bi2 Bi �b i?2 [mQiB2Mi

s ∧ u = s× u/s ∨ u.
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h?2`2 Bb � M�im`�H ?QK2QKQ`T?BbK

a1 ∧ aM ∼= aM+1.

h?Bb BKTHB2b i?�i aM ∧ aK ∼= aM+KX
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.2}MBiBQM
� +�i2;Q`v C Bb +�HH2/ +QKTH2i2 U+Q+QKTH2i2V B7 7Q` �Mv
6 ∈ 6mM(I, C) rBi? I � bK�HH +�i2;Q`v- i?2 HBKBi HBK 6 U+QHBK 6V
2tBbibX

1t�KTH2
a2i,:`QmT,�#,o2+i,hQT �`2 +QKTH2i2 �M/ +Q+QKTH2i2X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

AM a2i- i?2 HBKBi Q7 6 : A→ a2i Bb ;Bp2M #v

HBK 6 =

{
(tB)B∈A ∈

∏

B∈A
6(B)

∣∣∣∣∣tD = 6(7)(tB) 7Q` �Mv B 7→ D
}
⊂

∏

B∈A
6(B)

r?B+? Bb � bm#b2i Q7 ∏
B∈A

6(B)X h?2 +QHBKBi Bb ;Bp2M #v

+QHBK 6 =
∐

B∈A
6(B)

/{
tB ∼ 6(7)(tB) 7Q` �Mv B 7→ D, tB ∈ 6(B)

}

r?B+? Bb � [mQiB2Mi Q7 ∐B∈A 6(B)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i mb +QMbB/2` hQTX aBM+2 i?2 7Q`;2i7mH 7mM+iQ`

6Q`;2i : hQT→ a2i

?�b #Qi? � H27i �/DQBMi �M/ � `B;?i �/DQBMi- Bi T`2b2`p2b #Qi? HBKBib
�M/ +QHBKBibX :Bp2M 6 : A→ hQT- Bib HBKBi HBK 6 ?�b i?2 b�K2
mM/2`HvBM; b2i �b i?�i BM a2i �#Qp2- #mi 2[mBTT2/ rBi? i?2 BM/m+2/
iQTQHQ;v 7`QK T`Q/m+i �M/ bm#bT�+2X
aBKBH�`Hv- i?2 +QHBKBi +QHBK 6 Bb i?2 [mQiB2Mi Q7 /BbDQBMi mMBQMb Q7
6(B) rBi? i?2 BM/m+2/ [mQiB2Mi iQTQHQ;vX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

AMBiB�H �M/ i2`KBM�H Q#D2+i
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
�M BMBiB�HfmMBp2`b�H Q#D2+i Q7 � +�i2;Q`v C Bb �M Q#D2+i ⋆ bm+? i?�i
7Q` 2p2`v Q#D2+i s BM C- i?2`2 2tBbib T`2+Bb2Hv QM2 KQ`T?BbK ⋆→ sX
.m�HHv- � i2`KBM�Hf}M�H Q#D2+i ⋆ b�iBb}2b i?�i 7Q` 2p2`v Q#D2+i s
i?2`2 2tBbib T`2+Bb2Hv QM2 KQ`T?BbK s→ ⋆X A7 �M Q#D2+i Bb #Qi?
BMBiB�H �M/ i2`KBM�H- Bi Bb +�HH2/ � x2`Q Q#D2+i Q` MmHH Q#D2+iX

h?2 /2}MBM; mMBp2`b�H T`QT2`iv BKTHB2b i?�i i?2 BMBiB�H Q#D2+i �M/
?2 i2`KBM�H Q#D2+i �`2 mMB[m2 mT iQ BbQKQ`T?BbK B7 i?2v 2tBbiX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
h?2 2KTivb2i ∅ Bb i?2 BMBiB�H Q#D2+i BM a2i- �M/ i?2 b2i rBi? � bBM;H2
TQBMi Bb i?2 i2`KBM�H Q#D2+i BM a2iX h?2 b�K2 Bb i`m2 7Q` hQTX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 HBKBi Q7 � 7mM+iQ` 6 : A→ C +�M #2 pB2r2/ �b � i2`KBM�H Q#D2+i
�b 7QHHQrbX q2 /2}M2 � +�i2;Q`v C6
! �M Q#D2+i Q7 C6 Bb �M Q#D2+i � ∈ C iQ;2i?2` rBi? � M�im`�H

i`�Mb7Q`K�iBQM
∆(�)⇒ 6

! � KQ`T?BbK BM C6 Bb � KQ`T?BbK 7 : �→ " BM C bm+? i?�i i?2
7QHHQrBM; /B�;`�K Bb +QKKmi�iBp2

∆(�) ∆(S)

6

∆(7)

h?2M HBK 6 Bb i?2 i2`KBM�H Q#D2+i BM C6X � /m�H +QMbi`m+iBQM b�vb
+QHBK 6 +�M #2 pB2r2/ �b �M BMBiB�H Q#D2+iX


